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Understanding the dynamics of oscillating bubbles beneath a free surface is crucial to many practical 
applications including airgun-bubble clusters, underwater explosions, etc. In this paper, an 
experimental and numerical study of the dynamic behaviors of a coalesced bubble near a free surface 
is conducted, which shows quite different physical features from single bubble dynamics. Firstly, two 
similar sized underwater discharge bubbles are generated simultaneously beneath a free surface and 
their complex interactions are experimentally studied with high-speed photography imaging. A strong 
interaction between two bubbles and the subsequent coalescence are observed when the initial distance 
between two bubbles is smaller than the maximum equivalent bubble radius. Secondly, both 
axisymmetric and three-dimensional (3D) boundary integral models are used to simulate the pre-
coalescence and post-coalescence of two bubbles. The results obtained by the two models agree well 
in axisymmetric conditions. The essential physical phenomena in representative experiments are well 
reproduced by the present 3D model. The pressure field is calculated by the auxiliary function method, 
which helps to reveal the underlying mechanisms of bubble collapse patterns and jetting behaviors. A 
parametric study reveals the dependence of the coalesced bubble dynamics and free surface motion on 
the governing dimensionless quantities.  
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1. INTRODUCTION 
The dynamic behaviors of multiple bubbles beneath a free surface are of great importance in 
various natural process and engineering applications, including underwater explosion near a free 
surface (Brett and Krelle, 2018; Cui et al., 2016b; Li et al., 2018a; Wang et al., 2018a), airgun clusters 
for seabed exploration (Cox et al., 2004; de Graaf et al., 2014), cavitation (Long et al., 2018; Wang et 
al., 2017; Wang et al., 2018b), laser-induced forward transfer (Turkoz et al., 2018a; Turkoz et al., 
2018b), bubble damage on tissue and cells (Chen et al., 2009; Curtiss et al., 2013; Liu et al., 2018) and 
bubble drag reduction (Verschoof et al., 2016).  
When a single oscillating bubble is initiated near a free surface, the non-uniform pressure gradient 
surrounding the bubble often induces non-spherical collapse of the bubble. Generally, a downward 
liquid jet is formed inside the collapsing bubble, while the free surface produces an upward spike 
(Blake et al., 1987). In addition, an upward jet would form from the bubble bottom if the bubble 
subjects to a relatively large buoyancy effect (Klaseboer et al., 2005b; Wang et al., 1996b; Zhang et al., 
2015a). The dynamics of a single bubble beneath a free surface have been studied in a great detail in 
the past several decades (Dadvand et al., 2012; Kannan et al., 2018; Pearson et al., 2004; Quah et al., 
2018; Robinson et al., 2001; Saleki-Haselghoubi et al., 2016; Wang et al., 1996a). In natural world, 
multibubble interaction is more commonly seen in the above mentioned applications. If there exists 
another bubble nearby, one bubble alters the ambient pressure field for the other bubble, which can 
significantly change the bubble dynamics and increase the bubble oscillation period (Bremond et al., 
2006a; Cui et al., 2016a; Han et al., 2018; Ochiai and Ishimoto, 2017). On the contrary, the bubble 
period is shortened due to the existence of a free surface (Wang et al., 1996b). The combination of a 
free surface and an adjacent bubble may lead to more complex phenomena and this physical process 
is crucial to underwater explosions and seabed exploration. It is well known that the “whipping effect” 
is triggered when the oscillation frequency of a nearby underwater explosion bubble matches the 
resonance frequency of a naval ship (or a submarine) (Zhang and Zong, 2011; Zong et al., 2015). In 
the seabed exploration field, the bubble oscillation frequency or period is directly associated with the 
characteristics of the emitted sound wave, which is desired to contain more energy in the low-
frequency part (de Graaf et al., 2014; Zhang et al., 2018). The two-bubble system under consideration 
in this paper is the most extreme situation, i.e., the initial distance between two bubbles is smaller than 
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the maximum equivalent bubble radius, leading to a strong interaction between them and the 
subsequent coalescence. 
There are a number of studies on two-bubble dynamics near a free surface. In the numerical 
computation aspect, Robinson et al. (2001) studied the motion of single- and two-bubbles beneath a 
free surface using axisymmetric boundary integral method (BIM). Pearson et al. (2004) improved the 
model that can accurately capture the evolution of the free surface and the bubble motion. Liu et al. 
(2017) investigated the interaction between two identical oscillating bubbles and a free surface in a 
confined domain. Three-dimensional configurations were also considered in Han et al. (2014); Li and 
Ni (2016); Wang and Khoo (2004); Wang (2004). In these studies, the BIM based on the potential flow 
theory are commonly used for its high accuracy and efficiency. However, in the three-dimensional 
model, large deformations of the bubble interface and the free surface are somewhat problematic, 
which may lead to mesh distortion. Besides, topological transition included in bubble coalescence 
process is difficult to handle. To the authors’ knowledge, there is no report on modelling of two-bubble 
coalescence beneath a free surface in the literature. This paper aims to establish a 3D model to 
overcome the above difficulties and to study the two-bubble coalescence beneath a free surface.  
In the experimental aspect, multibubble interaction in a free field has been widely investigated 
(Bremond et al., 2006a; Bremond et al., 2006b; Chew et al., 2011; Fong et al., 2009) and the interaction 
between two bubbles and a rigid boundary has also been studied (Chew et al., 2013). It was found that 
multibubble dynamics were affected by many parameters including inter-bubble distance, bubble-
boundary distance, size ratio, and phase difference. Ji et al. (2017) studied the effect of bubble-bubble 
distance and the water depth on the overall bubble behaviors. However, little attention has been paid 
on the coalesced bubble dynamics near a free surface.  
In this study, a comprehensive numerical simulation complemented by physical experiments has 
been conducted to investigate the strong interaction between two oscillating bubbles and a free surface 
with particular focus on the dynamics of the coalesced bubble. Firstly, following the experimental 
method proposed by Turangan et al. (2006), the underwater discharge with a much higher voltage (~ 
580 V) is used to generate oscillating bubbles. The maximum radius of a bubble reaches ~15 mm with 
the oscillation bubble period ~ 3ms. Two bubbles with similar size are generated simultaneously using 
the present experimental setup. High-speed photography technique is adopted to capture the bubble 
dynamic behaviors and free surface evolutions. The coalescence of two bubbles in different 
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configurations beneath a free surface has been examined in detail. Secondly, both axisymmetric and 
three-dimensional boundary integral models are used to simulate the pre-coalescence and post-
coalescence of two bubbles. Compared with previous investigations, one of the highlights in the 
present numerical study is that a higher resolution mesh is used and the latest numerical techniques 
including 3D topology treatment for bubble coalescence (Han et al., 2016), a weighted moving least 
square method for surface interpolation (Wang et al., 2015a; Wang and Manmi, 2014) and the Density 
Potential Method for mesh density control (Zhang and Liu, 2015) are implemented in the present 
numerical simulations. The present three-dimensional simulations have shown a good agreement with 
the axisymmetric model, indicating the high accuracy of the 3D model. More importantly, the essential 
physical phenomena in five representative experiments are well reproduced by the 3D modelling 
demonstrating the numerical models as effective tools to shed more light on the coalesced bubble 
dynamics, especially the collapse and jetting behaviors and the underlying mechanisms.  
This paper is organized as follows. The experimental set-up is briefly introduced in Sec. 2. In Sec. 
3, the strong interaction between two bubbles and a free surface and the coalescence of two bubbles 
are modelled using the boundary integral method, and mesh refinement techniques are also given. This 
is followed by Sec. 4 where five experiments are presented, in which two bubbles are arranged both in 
axisymmetric and three-dimensional configurations, and the main features of the bubble dynamics and 
free surface evolution are well reproduced by the present numerical model. In addition, pressure fields 
are calculated in three-dimensional cases for detailed analyses. In Sec. 5, the effects of dimensionless 
parameters on bubble collapse pattern and free-surface evolution are further discussed. Finally, the key 
conclusions are presented in Sec. 6.  
2. EXPERIMENTAL SETUP 
The experimental setup to investigate the interaction between two bubbles and a free surface is 
similar to that described in the work by Turangan et al. (2006) and sketched in Fig. 1. Oscillating 
bubbles are induced by electric discharge from a short circuit in water. Compared with the work by 
Turangan et al. (2006), a relatively high discharge voltage (580 V) is used in our experiments aimed at 
enlarging the bubble size and period. The maximum radius of an oscillating bubble generated in the 
present experiments is more than 10 mm making it possible to capture more physical details. It is noted 
that more than 150 consecutive frames in high-speed recordings are obtained during the first cycle of 
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the coalesced bubble in the experiments with the spatial resolution being 0.23 mm per pixel.  
In the electric circuit, switches K1 and K2 are responsible for charging and discharging, 
respectively. Firstly, switch K1 is turned on to charge a capacitor until an expected voltmeter reading 
is reached. Then the camera and switch K2 are triggered simultaneously by a control platform. The 
diameter of copper wires used as electrodes is 0.2 mm, thus having little effect on bubble dynamics 
due to its much smaller diameter than that of an oscillating bubble. The cross point of two copper wires 
is referred to as the initial bubble center. Upon discharge, an oscillating bubble is generated by Joule 
heating at the cross point of the electrodes. Besides, series connection is assured to generate similar-
sized bubbles simultaneously and two cross points at predefined locations are the initial centers of the 
two in-phase bubbles, respectively. The initial distance between two predefined locations is set smaller 
than 15mm to ensure the occurrence of the coalescence. In the experiment, a cubic container with 
dimensions of 500×500×500 mm3 is filled with water to a constant level of over 400 mm. The 
dynamics of oscillating bubbles are recorded by a Phantom V711 high-speed camera which works at 
52 000 frames per second with an exposure time of 10 μs. Illumination is provided by a continuous 
light source from the back. 
 
Fig. 1 Sketch of the experimental setup. 
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3. THEORETICAL AND NUMERICAL MODEL 
3.1. Boundary Integral Method 
Axisymmetric and three-dimensional models based on the boundary integral method are both 
established to simulate the bubble dynamic behaviors and the evolution of the free surface. For two 
bubbles in a horizontal configuration, the left bubble is bubble 1 and the right one is bubble 2; otherwise, 
the upper bubble is bubble 1 and the lower one is bubble 2. A cylindrical coordinate O-rθz and a 
Cartesian coordinate system O-xyz are chosen for the axisymmetric model and the 3D model, 
respectively (Fig. 2). The origin O is located at the initial center of bubble 1 with the z axis pointing in 
the opposite direction of gravity. The maximum equivalent radii of the two bubbles are determined by 
their maximum bubble volumes, respectively, i.e., Rmax = [3Vmax/(4π)]1/3. The distance between the 
initial center of bubble 1 and the free surface is denoted by dbf and the inter-bubble distance at the 
initial moment is denoted by dbb.  
  
Fig. 2 Schematic view of the coordinate systems used in the (a) axisymmetric and (b) 3D models. 
 
In the framework of the boundary integral method (Blake and Gibson, 1987; Han et al., 2016; 
Han et al., 2018; Pearson et al., 2004; Wang et al., 1996b; Zhang et al., 2015b; Zhang and Liu, 2015), 
the assumption that the fluid is inviscid and incompressible and the flow is irrotational in the time-
varying domain is used. The velocity potential φ in the fluid domain Ω is governed by Laplace’s 
equation which can be transformed according to Green’s theorem: 
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where r is the control point and q is the source point; c is the solid angle under which the fluid domain 
Ω is viewed from the control point r; n∂ ∂  is the normal outward derivative from the boundary S; the 
Green’s function is 1G = −r q . 
Ignoring the surface tension and the heat transfer across the bubble surface, the internal pressure 
of the bubble Pb is assumed to be related to the bubble initial state and its volume (Best and Kucera, 
1992; Klaseboer et al., 2005a):  
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where P0i and V0i are the initial pressure and initial volume of the two bubbles, respectively; Vi is the 
transient volume of the two bubbles; k is the ratio of the specific heat for the gas and k = 1.25 in this 
study. 
The dynamic boundary conditions on the bubble surface and free surface yield: 
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where P∞ is the hydrostatic pressure at the level of the initial center of bubble 1, ρ is the liquid density.  
The kinematic boundary condition governing the motion of the bubble and the free surface is: 
d .
d t
ϕ= ∇r                                          (5) 
If two bubbles are initiated close to each other, coalescence may occur in the expansion phase. 
An important foundation of the present numerical model is the theoretical analysis by Bremond et al. 
(2006a) that the film thinning in the coalescence process of two expanding bubble is inertia dominated. 
Thus, the BIM is used to simulate the subsequent motion of the coalesced bubble beneath the free 
surface. In the calculation, the difference in the total bubble volume before and after coalescence is 
negligibly small and the heat transfer from the internal gases to the external liquid is also ignored 
within this short time. It is also assumed that the internal gases rapidly reach equilibrium after 
coalescence. Therefore, the pressure inside the coalesced bubble can be calculated using Equation (2). 
The initial pressure Pc0 and volume Vc0 of the coalesced bubble are given as below (Han et al., 2016; 
Rungsiyaphornrat et al., 2003): 
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The axisymmetric calculations are carried out using both axisymmetric model and 3D model 
developed in the present study. In axisymmetric modelling, a downward jet is formed inside the bubble 
beneath a free surface and the topology treatment of the bubble surface at the impact moment is similar 
to the work by Wang et al. (1996a). The motion of the toroidal bubble is simulated by introducing a 
vortex ring with a strength equaling to the difference in φ between the north and south poles of the 
bubble at the impact moment. An improved vortex ring model (Li et al., 2017; Zhang and Liu, 2015) 
is adopted in the present study. It is worth noting that the bubble dynamic behaviors both before and 
after the jet impact are simulated using the axisymmetric model. However, the calculation using 3D 
model for general three dimensional cases stops at the moment just before the jet impact due to the 
complexity associated with the topological transition of the 3D flow domain, and the physical and 
numerical instabilities in the toroidal bubble phase (Liu et al., 2016). 
In the numerical simulations, quantities in dimensionless form are used. The maximum radius of 
bubble 1 Rmax1 is chosen as the length scale, the liquid density ρ as the density scale and the ambient 
pressure at the initial centre of bubble 1 in the liquid P∞ as the pressure scale, respectively. Thus, 
Rmax1(ρ / P∞)0.5, (P∞ / ρ)0.5 and Rmax1(P∞ / ρ)0.5 are used as the characteristic time, velocity and velocity 
potential, respectively. At the initial moment, the distance between the center of bubble 1 and the free 
surface (dbf) and the inter-bubble distance (dbb) in dimensionless forms are denoted by γbf (defined as 
the distance parameter) and γbb, respectively, together with the bubble size ratio α, given as below: 
max1 max1 max 2 max1, , .bf bf bb bbd R d R R Rγ γ α= = =                       (8) 
The angle between the line connecting the initial bubble centers and the positive x-axis is defined 
as angle parameter β to express the configuration, which is in the range of [0, π/2].  
The dimensionless form of Equations (2)-(4) can be expressed as: 
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where 0= P Pε ∞  is the dimensionless gas pressure of the initial bubble, and max1gR Pδ ρ ∞=  is the 
buoyancy parameter.  
3.2. Mesh topology treatment for bubble coalescence 
In the present BIM simulations, the flow boundaries in the time domain including the bubble 
surfaces and the free surface are tracked using a second-order Runge-Kutta scheme. If the inter-bubble 
distance is small, the surfaces of two bubbles would approach and flatten each other during the 
expansion phase, generating a thin liquid film between the two bubbles. Due to instabilities or other 
factors, the very thin liquid film would rupture and the coalescence of two bubbles occurs. However, 
this complex physical process is beyond the capability of BIM. Since BIM doesn’t support a natural 
“merging” or split of bubbles, some artificial treatment of the topology should be made, as previously 
done in some literatures (Best, 1993; Lee et al., 2007; Rungsiyaphornrat et al., 2003; Wang et al., 1996a; 
Wang et al., 2015b; Zhang et al., 2015b; Zhang and Liu, 2015; Zhang et al., 2001). Following the work 
by Rungsiyaphornrat et al. (2003), a mesh topology treatment for bubble coalescence is performed if 
a simplified coalescence criterion is satisfied. Here we take the axisymmetric model to explain the 
procedure of “numerical coalescence” and the schematic of the topology treatment is given in Fig. 3. 
First, the coalescence treatment is triggered when the smallest distance between the two bubble 
surfaces is less than a critical value sc. Second, the coalescence area (a liquid film to be removed later) 
is determined by the thickness of the water layer between the surfaces smaller than 2sc ~3sc (Han et al., 
2016). Third, the nodes and elements on the coalescence area are removed and the remaining bubble 
surfaces are joined together by a ‘stitch’ line. In this step, the numbers of the nodes on the outermost 
rings of the coalescnece areas must be assured equal and new nodes are created at the midpoints 
between corresponding nodes, with the velocity potentials being the average values of those of 
correponding nodes. The difference in velocity potentials on the ‘stitch’ line is negligibly small and 
has insignificant effect on the subsequent motion of the coalesced bubble. The velocity potential 
elsewhere on the coalesced bubble surface keeps the same with that before coalescence. At last, a five-
node smooth scheme (Lundgren and Mansour, 1988) and node redistribution (Li et al., 2018b; Pearson 
et al., 2004; Zhang et al., 2015b) are implemented to control numerical instabilities of the coalesced 
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bubble. For the axisymmetric model, the mesh topology treatment is easy to implement. However, the 
topology treatment involved in the 3D model is quite complex and the detailed procedures in numerical 
computation are given by Han et al. (2016). 
 
Fig. 3 Sketch of the topology treatment during bubble coalescence. 
 
To the best knowledge of the authors, there is little experimental report on the minimum thickness 
of a thin fluid layer before rupture. Here, the coalescence criterion is set as the dimensionless minimum 
thickness of the liquid film dropping below a constant value, namely sc. Rungsiyaphornrat et al. (2003) 
set sc as 0.02 according to the experimental observations. In order to test the uncertainty of the physics 
of film rupture, sensitivity studies carried out by Han et al. (2016) measuring the influence of sc has 
demonstrated that the results are independent of sc in the range of 0.008 < sc < 0.02. Therefore, sc is set 
as 0.02 in the present study and the numerical results show favorable agreement with experiments.  
Note that the velocity within the liquid film (before bubble coalescence) is quite small, it is 
reckoned that the above treatment of the bubble coalescence has little influence on the subsequent 
process of bubble motion (Han et al., 2016; Rungsiyaphornrat et al., 2003). It has been tested that the 
velocity variations at typical locations (e.g., bubble bottom, bubble top and the center of the free 
surface) caused by the “artificial treatment” are within 0.1%. Additionally, overall quantitative 
agreements between the experiment and the numerical simulation can be found for two underwater 
explosion bubbles in a free field (Rungsiyaphornrat et al., 2003) and two cavitation bubbles below a 
rigid wall (Han et al., 2018). In the present study, five experiments of two-bubble coalescence beneath 
a free surface will be discussed and used to verify the numerical model.  
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3.3.Mesh refinement techniques 
Similar to previous studies in this field, numerical instabilities are found to occur during the 
evolution of the surfaces. Aimed at eliminating such instabilities, one of the highlights in the present 
study is that two techniques are adopted in the numerical simulations, namely, a smooth technique and 
the introduction of a mesh density controller. For the axisymmetric model, we use the five-point 
smooth scheme (Lundgren and Mansour, 1988) to eliminate the high-frequency saw-tooth instability. 
It is noted that the nodes on the bubble surface often overcrowd around the jet tip area, which reduces 
the time step and spatial resolution on other part of the bubble surface simultaneously. For this reason, 
the cubic spline interpolation is used for node redistribution (Zhang et al., 2015b).  
Despite facing the same instability issue in 3D modeling, different solutions are used here. 
Following Zhang et al. (2001), a second order polynomial is applied to the bubble surface, and then 
the node positions and the velocity potentials on the nodes are interpolated using a weighted moving 
least square method (Han et al., 2016; Li et al., 2019). However, the node position is not updated by 
the material velocity, but the optimum shift velocity obtained by the Density Potential Method (Han et 
al., 2016; Zhang and Liu, 2015). A desired mesh density distribution can be obtained by adjusting the 
density potential function ψ . In the present study, different density potential functions are selected for 
bubbles and free surface. Meshes of high quality are often required for the jet zone of the bubbles, 
therefore the density potential function is selected according to the velocity potentials on the bubble 
surfaces. For the free surface, large deformations mainly occur around the central area of the whole 
free surface and the strong interaction between two bubbles and a free surface may lead to highly 
distorted meshes. Given this, the density potential function for the free surface is related to the distance 
parameter γbf, the positions of the nodes and the deformations of the meshes on the free surface. Density 
potential functions of the nodes on the bubble surface and free surface are set as follows: 
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where Nele is the total number of elements that are connected to node i, Ai,j is the area of the jth element 
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connected to node i, Λ is a normalization operator, a and b are constants associated with γbf.  
For further details about the Density Potential Method, see Zhang and Liu (2015) and Han et al. 
(2016). It is worth noting that the elastic mesh technique (Wang et al., 2003; Wang et al., 2015a) is also 
an alternative method to improve the mesh quality.  
4. RESULTS  
To understand the multibubble dynamics beneath a free surface, the present investigation starts 
from the experimental observations followed by comprehensive numerical simulations to further 
explore the underlying mechanisms of the coalesced bubble dynamics. In this section, five experiments 
are performed to validate the numerical model. Two bubbles with similar size are generated 
simultaneously beneath a free surface both in axisymmetric and three-dimensional configurations.  
4.1. Axisymmetric configuration 
In the experiments, two in-phase bubbles with similar size are generated beneath a free surface in 
an axisymmetric configuration. In the first experiment, the maximum equivalent radii of the two 
bubbles are 15.8 mm and 17.1 mm, respectively. At the initial moment, the inter-bubble distance is 
13.1 mm and the distance between the center of bubble 1 and the free surface is 23.6 mm. Thus the 
dimensionless parameters are: γbf = 1.49, γbb = 0.83, α = 1.08.  
The shapes of the two bubbles in the experiment at selected times are given in Fig. 4 (a). Two 
bubbles are seen expanding quickly after the inception (frame 1) and the liquid film between the 
interfaces becomes thinner and thinner as the two bubbles approaching each other (frame 2). Due to 
limitations of the present experimental setup, it is difficult to observe the process of the film rupture 
directly. Bremond et al. (2006a) predicted the bubble coalescence by a morphology change in interface 
shape, namely, the disappearance of the cusp between two bubbles (indicated by a red arrow in Fig. 3 
(a)). The interface is smoothed by the surface tension once the liquid film ruptures which therefore 
reveals the coalescence of the bubbles (between frames 3 and 4). A circular “scar” on the bubble surface 
can be observed after the coalescence of the bubbles takes place (frame 4). The coalesced bubble attains 
the maximum volume at 1.87 ms and the top of the coalesced bubble is of a higher curvature, which 
indicates a faster collapse speed subsequently. Besides, since the coalesced bubble is subject to the 
13 
Bjerknes force from the free surface, the top of the coalesced bubble contracts faster than other parts 
of the bubble during the collapse phase and a wide downward jet with a flattened tip is formed 
afterwards (frames 5 and 6). Blake et al. (1987) and Wang et al. (1996b) provided explicit explanations 
to the downward-jet formation near a free surface, i.e., the fluid is drawn into the region between the 
bubble top and the free surface during the bubble collapse phase, resulting in the formation of a 
stagnation point and a high-pressure region along the z-axis. This localized high pressure region drives 
the bubble top downward and the water spike upward. The jet further develops and finally penetrates 
the bottom of the coalesced bubble (frame 7). Thereafter, the collapsing coalesced bubble transforms 
from singly-connected into doubly-connected forms. The toroidal bubble keeps collapsing and a 
protrusion forms at the bottom of the bubble afterwards. The bubble splits into two parts at the 
intersection between the protrusion and the main bubble (frame 8). It is also noticed that the circular 
“scar” on the bubble surface due to coalescence is gradually detaching from the bubble surface, as 
shown in frames 5-8, which is presented as the annular residual (indicated by red arrows in frame 6) 
near the coalescence position of the coalesced bubble.  
The numerical results using axisymmetric model (red lines) and three-dimensional model at 
corresponding times are presented in Fig. 4 (b). Obviously, the results obtained by two models agree 
well with each other in this axisymmetric case, in terms of bubble surface and free surface evolutions. 
The small discrepancy is attributed to the mesh size/resolution difference between the two models. 
Because a simple numerical treatment is adopted to handle the bubble coalescence problem, the 
annular residual near the coalescence position in the experiment cannot be obtained. However, the 
main features of the coalesced bubble beneath a free surface in the experiment is well reproduced by 
the present numerical models. Due to the relatively large distance between bubbles and free surface, 
only a small bulge on the free surface is induced by the growth of the upper bubble. During the collapse 
phase of the coalesced bubble, the bulge on the free surface increases slowly and gradually becomes 
slimmer.  
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(a) 
 
(b) 
 
Fig. 4 Comparison of the dynamics of a coalesced bubble beneath the free surface between (a) 
experimental observations (with the corresponding time marked at the bottom right corner of each 
image) and (b) numerical results (the red lines represent the results obtained by the axisymmetric 
model, the contours represent the velocity potential). Experimental parameters are: Rmax1 = 15.8 mm, 
Rmax2 = 17.1 mm, dbf = 23.6 mm and dbb = 13.1 mm. Dimensionless parameters in the numerical 
simulation are set according to the experiment: γbf = 1.49, γbb = 0.83, α = 1.08, ε = 100, R01 = 0.1485 
and R02 = 0.1604. The dimensionless times of the numerical results are 0, 0.321, 0.746, 1.078, 1.504, 
1.921, 2.069 and 2.151, respectively (the time scale is 1.596 ms). 
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In the second experiment, the maximum equivalent radii of the two bubbles are 16.2 mm and 15.6 
mm, respectively. The distance between the initial center of bubble 1 and the free surface, and the 
initial inter-bubble distance are both 12 mm, corresponding to the following dimensionless parameters: 
γbf = 0.74, γbb = 0.74, α = 0.96. Due to a much smaller γbf in this case, the bubble-free-surface interaction 
is much stronger, as shown in Fig. 5 (a). More specifically, the two bubbles expand rapidly, become 
flattened at their adjacent surfaces, and deform the free surface significantly in the meantime (frames 
1-2). Due to the closer proximity of the upper bubble to the free surface, the top of bubble 1 is entrained 
into the base of the raised free surface and the spike gains a relatively larger height compared with case 
1 (frame 3). The coalescence of the two bubbles occurs around frame 3. Meanwhile, the free-surface 
spike elevates with the volume increase of the coalesced bubble. During the collapse phase of the 
coalesced bubble, a relatively thinner jet (compared with case 1) directed downwards is produced. It 
is noticed that the jet tip is unstable, which is companied with the splashing and splitting of tiny droplets. 
These droplets might shoot on the inner surface of the bubble, which is responsible for the rough bubble 
surface observed in frame 7. The liquid jet further develops and finally impacts the bottom of the 
coalesced bubble (frames 7-8). After the jet impact, the coalesced bubble evolves into a toroidal bubble 
and the downward protrusion is also quite unstable and is about to split from the toroidal bubble in 
frame 8. The free surface continues rising along the axis of symmetry and meanwhile shrinking in 
width at the base, producing a thin and sharp free-surface spike.  
Numerical results using axisymmetric and three-dimensional models at corresponding times are 
given in Fig. 5 (b). Although the strong interaction between two bubbles and the free surface leads to 
a large deformation of the free surface, the overall evolutions of the coalesced bubble and the free-
surface spike in the experiment are also well captured by our numerical models. A liquid jet with a 
flattened tip is seen formed inside the coalesced bubble. Though the splashing effect observed in the 
experiment is beyond the capability of the present numerical model, the jetting phenomenon and 
collapse pattern of the coalesced bubble are well captured. A slight difference in the height of the free-
surface spike are observed between the two models, which may be attributed to the fact that the mesh 
density in 3D simulation is lower than that in the axisymmetric model. However, both models are of 
high accuracy to capture the main features of the coalesced bubble and the free surface motion. The 
axisymmetric model also reproduces the splitting of the toroidal bubble, as shown in the last frame of 
Fig. 5 (b). 
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(a) 
 
(b) 
 
Fig. 5 Comparison of the dynamics of a coalesced bubble beneath the free surface between (a) 
experimental observations (with the corresponding time marked at the bottom right corner of each 
image) and (b) numerical results. Experimental parameters are: Rmax1 = 16.2 mm, Rmax2 = 15.6 mm, 
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dbf = 12 mm and dbb = 12 mm. Dimensionless parameters in the numerical simulation are: γbf = 0.74, 
γbb = 0.74, α = 0.96, ε = 100, R01 = 0.1485 and R02 = 0.1431. The dimensionless times of the numerical 
results are 0, 0.371, 0.609, 0.947, 1.124, 1.363, 1.672 and 1.795, respectively (the time scale is 1.636 
ms). 
 
4.2. Three-dimensional configuration 
In this section, two bubbles with similar size are generated simultaneously beneath the free 
surface in three-dimensional configurations. Bubbles are arranged in a horizontal line or in an oblique 
line and some interesting phenomena are observed. Three-dimensional numerical simulations are 
presented in comparisons with the experiments followed by detailed analyses of bubble dynamics 
based on pressure fields calculated.  
In the third experiment (case 3), the maximum equivalent radii of the two bubbles are 16.5 mm 
and 17.3 mm, respectively. At the initial moment, the inter-bubble distance is 10.4 mm and the distance 
between the center of bubble 1 and the free surface is 24.9mm resulting in the following dimensionless 
parameters: γbf = 1.51, γbb = 0.63, α = 1.05. Experimental observations and three-dimensional numerical 
simulations are compared in Fig. 6. The significant expansion of the two bubbles is seen inducing a 
wide bulge on the free surface and the two bubbles are approximately semi-spherical with flattened 
interfaces (frames 1-2). Following the rupture of the thin liquid film between two bubbles, the 
coalesced bubble continues to expand and attains the maximum volume in frame 4; meanwhile the 
wide bulge on the free surface further rises. The vertical dark line in frames 6-8 (indicated by a red 
arrow) is the annular residual mentioned in Sec. 4.1. The liquid jets cannot be clearly observed in the 
experiment but can be inferred by the numerical simulation (discussed later). In addition, the coalesced 
bubble is observed migrating away from the free surface during the collapse phase.  
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(a) 
 
(b) 
 
Fig. 6 Comparison of the dynamics of a coalesced bubble beneath the free surface between (a) 
experimental observations (with the corresponding time marked at the bottom right corner of each 
image) and (b) numerical results. Experimental parameters are: Rmax1 = 16.5 mm, Rmax2 = 17.3 mm, 
dbf = 24.9 mm and dbb = 10.4 mm. Dimensionless parameters in the numerical simulation are: γbf = 
1.51, γbb = 0.63, α = 1.05, ε = 100, R01 = 0.1485 and R02 = 0.1559. The dimensionless times of the 
numerical results are 0, 0.311, 0.565, 0.967, 1.488, 1.781, 1.937 and 1.980, respectively (the time 
scale is 1.668 ms). 
     
Numerical results present the jet formation and development inside the coalesced bubble and also 
the evolution of the pressure fields surrounding the bubbles, as shown in Fig. 6 (b). After the inception, 
the two bubbles expand fast due to the high internal pressure and the overexpansion is restrained by 
the surrounding pressure. During the expansion phase, the pressure field surrounding the bubble is 
relatively uniform (frames 1-4). However, due to the existence of the free surface, the pressure gradient 
between the free surface and the bubble top is the largest, which indicates a faster contraction of the 
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upper part of the coalesced bubble. If there is no free surface, two jets originate on the left and right 
surfaces of the coalesced bubble directed horizontally towards each other (Cui et al., 2016a; Han et al., 
2016); however, the existence of a free surface affects the jet directions greatly. Due to the mutual 
attraction of the two oscillating bubbles and the free-surface Bjerknes force, the upper left and upper 
right surfaces of the coalesced bubble contract earlier and initially form two oblique jets (indicated by 
red arrows in frame 5). Hence, the surrounding fluid is quickly drawn into the regions above the 
coalesced bubble and a large high-pressure region is gradually formed (frame 6). A downward jet with 
a flattened tip (circled by a red rectangle in frame 7) then originates on the top of the coalesced bubble. 
Three localized high-pressure regions are observed in frame 7, which promote the development of the 
three jets. Due to the Bjerknes force and the effect of the downward jet, the two oblique jets gradually 
deviate from the original directions but still keep squeezing the downward jet together. In the later 
stage of the collapse phase, the three jets squeeze each other as demonstrated in the numerical results, 
indicating that the three jets may collide inside the coalesced bubble in the experiment. In fact, the 
development of the three jets makes the mesh highly distorted and irregular, so the calculation stop 
before 3.39ms, which causes the slight discrepancies in bubble shapes in the final collapse phase 
between the experiment and the simulation. The formation of one oblique jet during bubble collapse 
can be observed in other configurations (Brujan et al., 2018; Cui et al., 2016a; Li and Ni, 2016; Liu et 
al., 2016; Ochiai and Ishimoto, 2017; Rosselló et al., 2018; Tagawa and Peters, 2018), however, 
multiple oblique jets are rarely reported before. 
In the fourth experiment (case 4), the maximum equivalent radii of the two bubbles are both about 
16.6 mm. The initial inter-bubble distance is 14.1 mm and the initial distance between the center of 
bubble 1 and the free surface is reduced to 12.1 mm, corresponding to the following dimensionless 
parameters: γbf = 0.85, γbb = 0.73, α = 1. Comparison between the experiment and the numerical results 
is illustrated in Fig. 7. It can be observed that the two bubbles are entrained into the base of the free 
surface spike in the expansion phase. Subsequently, the coalesced bubble is elongated along the z-axis 
(frames 1-4). One of the interesting features can be seen is that the upper part of the coalesced bubble 
collapses faster and two oblique jets are initially formed due to the mutual interaction of the two 
bubbles and the effect of the free surface (frames 5-6). Annular residual is also observed in this case 
(see the vertical dark line in frames 6-8). Although the annular residual makes it difficult to observe 
the motion of the bubble top, the numerical prediction reveals that the top of the coalesced bubble 
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collapses fast under the strong effect of the free surface and is most likely to form a downward liquid 
jet. In this case, a wide bulge on the free surface appears with the expansion of the coalesced bubble 
and the evolution of the free-surface spike is clearly evident. The free-surface spike keeps rising and 
narrowing at the base and a flattened tip of the spike is observed in the front view.  
(a) 
 
(b) 
 
Fig. 7 Comparison of the dynamics of a coalesced bubble beneath the free surface between (a) 
experimental observations (with the corresponding time marked at the bottom right corner of each 
image) and (b) numerical results. Experimental parameters are: Rmax1 = 16.6 mm, Rmax2 = 16.6 mm, 
dbf = 12.1 mm and dbb = 14.1 mm. Dimensionless parameters in the numerical simulation are: γbf = 
0.85, γbb = 0.73, α = 1, ε = 100, R01 = 0.1485 and R02 = 0.1485. The dimensionless times of the 
numerical results are 0, 0.326, 0.596, 0.846, 1.211, 1.422, 1.538 and 1.701, respectively (the time 
scale is 1.678 ms). 
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Numerical simulation reveals the detailed jet formation and development, as given in Fig. 7 (b). 
In the expansion phase, it is clearly observed that the top surface of the coalesced bubble is entrained 
within the base of the free-surface spike and a small protrusion with a high curvature appears at the 
bubble top (frames 1-4), which indicates that the top of the coalesced bubble will contract faster 
subsequently. The pressure distribution in the flow field also predicts the faster collapse of the upper 
part of the coalesced bubble, i.e., the pressure gradient above the bubble top is the largest in the flow. 
In the collapse phase, two oblique jets originate on the upper left and right surfaces and an initial 
formation of a downward jet (circled by a red rectangle in frame 5) is also observed. Meanwhile, a 
high-pressure region is formed around the top of the coalesced bubble, which promotes the 
development of the downward jet and the free-surface spike. It is noted that the positions where the 
two oblique jets originate approach more towards the bubble top compared with that in case 3. The 
downward jet develops fast due to the positive feedback effect of the high-pressure region 
(Koukouvinis et al., 2016; Li et al., 2018a) and is squeezed by the two oblique jets all along, thus 
obtaining a small width in the front view; while the two oblique jets are not clearly observed but the 
contraction of the upper left and right surfaces indicate the development of the two jets. The 
surrounding fluid is rapidly drawn into the regions between the coalesced bubble and the free surface 
as the jet develops and the high-pressure region gradually becomes larger (frames 6-8). 
A side view of the bubble and free-surface profiles corresponding to frames 3-8 in Fig. 7 (b) is 
given to illustrate the evolution of the interesting jet, as shown in Fig. 8. From this view, the bubble 
and free-surface profiles are similar to those in single-bubble case (frames 1-2). The fast contraction 
of the bubble top draws the surrounding fluid into the region between the bubble and the free surface, 
and a stagnation point is formed along the z-axis at y = 0, thus leading to the formation of a high-
pressure region (between frames 2 and 3). In frame 3, a downward jet with a flattened tip (circled by 
a red rectangle) is observed and a wide secondary jet due to the large high-pressure region is formed 
at the base of the downward jet. As the jet evolves, the high-pressure region becomes larger, which 
pushes the wide secondary jet (indicated by red arrows) to develop so fast that the first downward jet 
cannot be observed in frame 4. As the downward jet is squeezed by the two oblique jets, a sheet-like 
liquid jet is gradually formed with a large width in side view. Finally, there are two contact points at 
the jet impact moment (frames 3 and 4). The free-surface spike keeps rising due to the inertia and 
becomes thinner at the base.  
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Fig. 8 Side view of the bubble and free-surface profiles corresponding to frames 3-8 in Fig. 7 (b). 
The dimensionless times are 0.596, 0.846, 1.211, 1.422, 1.538 and 1.701, respectively 
 
The interaction between two bubbles in an oblique configuration near a free surface is also 
investigated. In the fifth experiment, both the maximum equivalent radii of the two bubbles are about 
11 mm. At the inception moment, the distance between the centers of the two bubbles is 7.0 mm, with 
the vertical and horizontal components being 2.5 mm and 6.6 mm, respectively, and the vertical 
distance between the center of bubble 1 and the free surface is 11 mm. Thus the dimensionless 
parameters are: hx = 0.60, hz = 0.23, γbf = 1, γbb = 0.64, α = 1. The experimental and numerical results 
are compared in Fig. 9. In this case, the angle between the axis connecting initial bubble centers and 
the positive x-axis is about 22° (i.e. β = 0.38). In the experiment, the top of the upper bubble (bubble 
1) is entrained within the free surface in the expansion phase (frame 2) and then a downward jet is 
formed inside the coalesced bubble due to the free-surface effect (frames 3 and 4). The jet is about to 
impact the bubble bottom in frame 5. Though the liquid jet is not clearly observed in the experiment, 
the subsequent motion of the coalesced bubble indicates the formation of a downward jet. In this case, 
an oblique free-surface spike is observed and the spike keeps elevating in an oblique direction with its 
base narrowing.  
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(a) 
 
(b) 
 
Fig. 9 Comparison of the dynamics of a coalesced bubble beneath the free surface between (a) 
experimental observations (with the corresponding time marked at the bottom right corner of each 
image) and (b) numerical results. Experimental parameters are: Rmax1 = 11 mm, Rmax2 = 11 mm, dbf = 
11 mm and dbb = 7 mm. Dimensionless parameters in the numerical simulation are: γbf = 1.0, γbb = 
0.64, α = 1, ε = 100, R01 = 0.1485 and R02 = 0.1485. The dimensionless times of the numerical results 
are 0, 0.449, 0.960, 1.446 and 1.810, respectively (the time scale is 1.113 ms). 
 
The numerical results at corresponding times are given in panel (b). In frame 2, coalescence of 
two bubbles is about to occur in the simulation and the top of bubble 1 is entrained within the free 
surface, leading to a slight elongation of bubble 1 along the z-axis. The coalesced bubble continues to 
expand and the free-surface spike elevates with a small horizontal deviation (frame 3). The top of the 
coalesced bubble contracts first due to its higher curvature and the free-surface Bjerknes force 
dominates the jet direction due to the close proximity of bubble 1 to the free surface. The localized 
high-pressure region near the bubble top promotes the development of the downward jet and the 
oblique free-surface spike (between frames 3 and 4). Afterwards, the pressure peak of the high-pressure 
region moves towards the bubble top as the downward jet develops. The migration of the pressure peak 
leads to the formation of a secondary jet which originates on the top of the coalesced bubble (indicated 
by a red arrow in frame 4). The downward jet and the secondary jet squeezes each other during the 
development process; thus, a bubble jet with several corners is observed when the downward jet finally 
impacts on the bubble bottom (frame 5). At that moment, a large high-pressure region is observed. The 
oblique spike in the experiment is also captured by the simulation. 
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5. DISCUSSIONS 
The interaction between two identical bubbles and a free surface is mainly affected by four 
parameters, i.e., the distance parameter γbf, the inter-bubble distance γbb, the angle parameter β and the 
buoyancy parameter δ. The present study focuses on the dynamics of a coalesced bubble and the γbb 
ranges from 0.63 to 0.73 in the experiments, thus the effect of γbb is not under consideration in this 
paper. More discussion on the effect of γbb on bubble coalescence in a free field can be found in Han 
et al. (2016). In this section, a parametric study reveals the dependence of the coalesced bubble 
dynamics and free surface evolutions on γbf and β. According to a set of practical data in airgun-bubble 
clusters (Cox et al., 2004), the other parameters are set as: α = 1, ε = 140 and δ = 0.22. The buoyancy 
parameter is also similar to that of underwater explosion bubbles and the strength parameter does not 
strongly affect the bubble dynamic behaviors before jet impact moment, thus the results shown in this 
section also yield new insight into underwater explosions.  
From the experiments described in Section 4, it is noted that γbf and β have significant effects on 
the bubble dynamics and free-surface motion. To investigate the effect of β, let us set the value of β 
ranging from 0 to π/2. On the axis connecting two initial bubble centers, the end of bubble 1 away 
from bubble 2 is defined as pole A (PA for short) and the end of bubble 2 is defined as pole B (PB for 
short). If two bubbles are initiated in an infinite field without gravity effects, two jets are formed at the 
two ends of the bubble (defined as PA' and PB') and they develop along the connecting line with 
opposite directions. In this case, PA' and PB' coincide with PA and PB, respectively. However, the 
existences of a free surface and the buoyancy have effects on the positions where the two jets originate 
and redirect the two jets accordingly.  
5.1. Weak bubble-free-surface interaction with different β 
In the first series of simulations, similar dimensionless parameters with those in case 3 are selected, 
i.e., γbb = 0.63 and γbf = 1.5. Bubble and free surface profiles at the jet impact moment with different β 
are given in Fig. 10, the two initial bubble centers and the connecting line are also plotted. The 
evolution of the coalesced bubble and the free surface with β = 0 is similar to that in case 3 and three 
jets are observed to squeeze each other (see Fig. 6). When β = π/12, PA' and PB' where two jets 
originate move upwards along the bubble surface and a downward jet (at least a dent on the bubble 
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top) is also observed during the collapse phase. The first jet originates on PA' and a large vertical 
deviation of the jet occurs due to the Bjerknes force from the free surface. During the development of 
the first jet, a downward jet originates on the top of the coalesced bubble. This is closely followed by 
a third horizontal jet originating on PB'. When β = π/6, the collapse pattern of the coalesced bubble is 
similar to that in β = π/12 case. The two jets originating from PA' and PB' are more pronounced and 
the downward jet originating from the bubble top tends to disappear. As β further increases, only two 
jets originating on PA' and PB' are formed (see frames c-f). It is worth noting that, when β is larger 
than π/4, more fluid rushes into the jet that originates on PA' and the jet tip transforms from a relatively 
sharp shape to a round (or flattened) shape while only a little change is observed on the shape of the 
second jet originating on PB'. For the influence of β on the shape of the free surface spike, it can be 
seen that the spike obtains a symmetrical shape when β equals 0 or π/2, otherwise the movement 
direction of the spike deviates from the vertical direction. The most obvious deviation is achieved when 
β = π/4.  
Time histories of the centroid displacement and Kelvin impulse (defined as * d
b
z z
S
I n Sϕ= ⋅∫  in 
dimensionless form) (Blake and Gibson, 1987) of the bubble system along the z-axis are plotted in Fig. 
11. In Fig. 11 (a), the migration trends of the bubble centroid with different β are almost the same. The 
bubble system migrates towards the free surface at first during the expansion phase and then starts to 
migrate downward at the later stage of the expansion phase. As β decreases, the repulsion effect from 
the free surface on the bubbles becomes stronger and the centroid of the bubble system migrates 
downward more rapidly during the collapse phase, which is due to a larger Bjerknes force. A rapid 
downward migration is observed when β ≤ π/4. Fig. 11 (b) presents the Kelvin impulse associated with 
the bubble motion considered in Fig. 10. In these cases, both buoyancy force and the Bjerknes force 
act on the coalesced bubble. The sign of the Kelvin impulse maintains negative, which means the 
Bjerknes force dominates the overall process. The trends of the Kelvin impulse remain the same as β 
increases. The magnitude of the Kelvin impulse increases initially and achieves its peak before the 
maximum volume of the coalesced bubble is attained. Afterwards, a varying trend in which the 
magnitude of the Kelvin impulse decreases and then increases again is observed in the collapse phase. 
It is noted that the buoyancy effect dominates the variation of the Kelvin impulse around the maximum 
bubble volume moment. The magnitude of the Kelvin impulse at the jet impact moment is larger than 
the first peak in β ≤ π/4 cases, which indicates the rapid downward migration of the bubble system.                                                                                                               
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(a) β = π/12  (b) β = π/6  (c) β = π/4  
   
(d) β = π/3  (e) β = 5π/12 (f) β = π/2  
Fig. 10 Effects of the angle parameter β on bubble and free-surface profiles at the impact moment. 
Dimensionless parameters in numerical simulation are: γbf = 1.5, γbb = 0.63, α = 1, ε = 140, R01 = R02 
= 0.1316 and δ = 0.22. The angle parameters are β = π/12, π/6, π/4, π/3, 5π/12 and π/2, respectively. 
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(a) (b) 
Fig. 11 Effects of the angle parameter β on time histories of (a) the centroid displacement of the 
bubble system along the z-axis and (b) Kelvin impulse of the bubble system in z-direction. The 
distance parameters are γbf = 1.5 and γbb = 0.63. 
 
In single-bubble-free-surface cases, previous studies reported that the jet formed inside a single 
bubble impacts on the opposite bubble surface in an annular ring when γbf = 1.5 (Blake et al., 1987; 
Supponen et al., 2017; Wang et al., 1996b). However, the coalesced bubble beneath a free surface has 
quite different collapse pattern and jet formation features. To further demonstrate this with detailed 
analyses, the variations of the kinetic energy and the potential energy for single-bubble case are 
calculated and time histories of the ratio of the kinetic energy to the total energy is plotted in Fig. 12. 
Numerical results of a coalesced bubble for β = 0, π/6, π/3 and π/2 are also given for comparison. At 
the jet impact moment, the ratio of the kinetic energy in the single-bubble case is only ~10% and a 
large potential energy is reserved for the subsequent violent collapse, which may lead to a relatively 
stronger shock wave at the minimum volume of the bubble (Supponen et al., 2017). In the present 
cases, however, two jets are formed during the bubble collapse phase and are associated with a large 
kinetic energy (~50% of the total energy). Consequently, the collapse of the bubble is relatively weaker 
than that in the single-bubble case. It is further predicted that a relatively weaker shock wave would 
be emitted by the coalesced bubble and less energy would be radiated through shock wave to the far 
field. Besides, little difference is observed between two-bubble cases of different β.  
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Fig. 12 Time histories of the ratio of the kinetic energy Ek to the total energy Et of the system.  
Numerical result in single-bubble case is compared with those in the coalesced bubble cases for β = 
0, π/6, π/3 and π/2. 
 
5.2. Strong bubble-free-surface interaction with different β 
A series of simulations are conducted to further examine the dynamics with stronger bubble-free-
surface interaction. The distance parameters remain the same as those in case 4, i.e., γbb = 0.73 and γbf 
= 0.85 and the β value ranges from 0 to π/2. Other parameters are the same as those in Fig. 10. Bubble 
profiles at the jet impact with different β are shown in Fig. 13 and the two initial bubble centers and 
the connecting line are also plotted. The evolutions of the coalesced bubble and free-surface spike 
when β = 0 are similar to those in Fig. 7, which confirms that the strength parameter has little effect 
on bubble dynamic behaviors and free-surface motion and buoyancy effect is insignificant in this case. 
However, the strong interaction makes the physical phenomena quite different from those with γbf = 
1.5. For β = π/12, a downward jet originating on the top of the coalesced bubble is formed at first. 
During the development of the first jet, another downward jet is formed at the base of the first jet 
(shown by the red arrow in frame a). Subsequently, a third jet is gradually formed at the base of the 
first jet (shown by the blue arrow in frame a). Finally, the right protrusion on the main jet is about to 
impact on the right bubble surface. The shape of the bubble jet in this case appears to have several 
corners, which needs further validation in future experimental studies. For β = π/6, similar features are 
observed and the first main jet is about to penetrate the coalesced bubble, as shown in frame (b). The 
jet inside the bubble obtains a larger volume than that in frame (a). As β further increases (π/4 ≤ β < 
π/2), the second and third jets tend to disappear and only an oblique jet is observed. For β = π/2, only 
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a downward jet is formed inside the coalesced bubble. As for the free-surface spike, the shape of the 
spike clearly changes with β. When β = 0 (shown in Fig. 7), a broad spike is observed at the jet impact 
moment in the front view. When β = π/12, an oblique spike is observed and a bump appears on the 
right-hand side of the spike. The bump gradually disappears with increasing β and a thin spike in 
symmetric shape is obtained when β = π/2. 
   
(a) β = π/12 (b) β = π/6 (c) β = π/4 
   
(d) β = π/3 (e) β = 5π/12 (f) β = π/2 
Fig. 13 Bubble and free-surface profiles at the jet impact moment with different β. Dimensionless 
parameters in numerical simulation are: γbf = 0.85, γbb = 0.73, α = 1, ε = 140, R01 = R02 = 0.1316 and 
δ = 0.22. The angle parameters are β = π/12, π/6, π/4, π/3, 5π/12 and π/2, respectively. 
 
Time histories of the centroid displacement and Kelvin impulse of the bubble system along the z-
axis with different β are plotted in Fig. 14. As shown in Fig. 14 (a), the centroid displacement of the 
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bubble system along the z-axis increases almost linearly at first and the increase speeds are almost the 
same for different β. Then the bubble system is repelled by the free surface in the late expansion phase. 
The downward migration magnitude of the bubble system decreases with β. For β ≥ π/3, the effect of 
β on the bubble migration is negligible. As shown in Fig. 14 (b), the magnitude of the Kelvin impulse 
is more than three times of that in Fig. 11 (b) as γbf is reduced from 1.5 to 0.85 indicating that the 
Bjerknes force from the free surface dominates the variation of the Kelvin impulse in such small γbf 
cases. 
  
Fig. 14 Effects of the angle parameter β on time histories of (a) the centroid displacement of the 
bubble system along the z-axis and (b) Kelvin impulse of the bubble system in the z-direction. The 
distance parameters are kept the same as in case 4, i.e. γbf = 0.85 and γbb = 0.73. 
 
5.3. Further remarks 
The maximum bubble volume Vmax is an important characteristic parameter in bubble dynamics, 
which is often used to estimate the bubble energy and bubble period (Lee et al., 2007). The variations 
of Vmax and the time when the maximum volume is attained tmax (approximately half of the bubble 
period) versus β are presented in Fig. 15. Different trends are observed for γbf = 1.5 and γbf = 0.85. For 
γbf = 1.5, the maximum volume of the coalesced bubble Vmax decreases with β, due to the fact that a 
higher hydrostatic pressure makes the bubble attain a smaller maximum volume. However, the change 
in tmax versus β is below 0.65% of the bubble period indicating that the angle parameter β has little 
effect on the time when the maximum volume is attained tmax. If a single bubble oscillates in an infinite 
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flow field or beneath a free surface (γbf = 1.5), tmax is 0.988 and 0.847, respectively. Comparing the 
motion of a single bubble with and without a free surface, the weak bubble-free-surface interaction 
shortens the bubble period by 14.3%; while in the two-bubble cases, the existence of another bubble 
and the coalescence make tmax larger than 1 and lead to a longer bubble period. When γbf = 0.85, the 
peak Vmax is obtained at β = π/12 and Vmax decreases rapidly with β. In the strong interaction cases, tmax 
increases rapidly at first with β and then approaches to a constant for β ≥ π/4. During the interaction 
between a single bubble and a free surface (γbf = 0.85), tmax is only 0.735 which is shortened by 25.6% 
compared with the motion of a single bubble in an infinite field. In the two-bubble cases, tmax becomes 
larger than that in the single-bubble-free-surface interaction, but is still shorter than that of a single 
bubble in an infinite field. Though coalescence of two bubbles occurs in the expansion phase, the 
strong effect of the free surface shortens the bubble period greatly and the maximum tmax is still 10.4% 
smaller than that in the single bubble case.  
   
Fig. 15 Effects of the angle parameter β on (a) the maximum volume of the coalesced bubble Vmax 
and (b) the time when the maximum volume is attained tmax for γbf = 1.5 and γbf = 0.85. The angle 
parameter ranges from 0 to π/2 with an interval of π/12. 
 
The above laws are useful to control the bubble oscillation period in practical applications. For 
example, in the seabed exploration field, the airguns should not be placed at very small water depth. 
Although the ambient hydrostatic pressure reduces with decreasing water depth, the strong free surface 
effect shortens the bubble period significantly, especially when the dimensionless water depth γbf is 
less than 1. On the other hand, the bubble survives fewer cycles with a smaller water depth because of 
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the bubble bursting effect (Wang et al., 2015b). Besides, in order to obtain a relatively lower frequency 
sound waves in seabed exploration, a longer bubble period is desirable in airgun operations. This can 
be easily done by using the “two-bubble coalescence”. By adjusting the governing parameters, a 
specific bubble period can be achieved. If two bubbles are not enough, maybe more bubbles are needed. 
The interaction and coalescence of multiple bubbles will be for our future work.  
    Time histories of the height of the free-surface spike for γbf = 1.5 and γbf = 0.85 are shown in Fig. 
16 and the trends are markedly different. In weak interaction cases (see Fig. 16(a)), the height of the 
free-surface spike increases rapidly in the early expansion phase followed by a slowing down of the 
upward motion of the spike. In the collapse phase, the upward velocity of the spike gradually decreases 
to zero and then the free-surface spike moves downward slowly, which is mainly induced by the 
attraction of the collapsing bubble and the gravity effect plays a minor role in this process. The 
maximum height of the free-surface spike is obtained at β = 0. When γbf = 0.85, the height of the free-
surface spike increases rapidly in the early expansion phase and then the upward velocity decreases, 
but the spike height still increases almost linearly. The height of the free-surface spike is the largest at 
β = 0 and only slight differences are observed for β > 0, which indicates that the increase of β slightly 
reduces the effect of the bubble motion on the free surface. Various applications can benefit from the 
findings, for instance, the spike motion is associated with applications of laser induced forward transfer 
(LIFT) printing (Turkoz et al., 2018b), and the spike (a wall of water) is also a low cost, universal 
terminal defense system to protect Navy ships from high-speed, sea-skimming, antiship cruise missiles 
(Connor and Higdon, 1996). 
  
Fig. 16 Effects of the angle parameter β on the height of the free-surface spike for (a) γbf = 1.5 and 
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(b) γbf = 0.85. The angle parameter ranges from 0 to π/2 with an interval of π/12.  
 
6. CONCLUSIONS 
The strong interaction between two oscillating bubbles and a free surface was studied to 
investigate the pre-coalescence and post-coalescence of two bubbles, and the free-surface evolution. 
The underwater electric discharge method was adopted to generate two similar sized bubbles beneath 
a free surface, captured by a high speed camera. Both axiymmetric and three-dimensional BIM models 
were established and several numerical techniques were implemented in the present 3D model. For 
axisymmetric-configuration cases, good agreement between the two models was achieved, indicating 
the high accuracy of the 3D model. The main features of several representative experiments in 3D 
configurations were well reproduced by the 3D model with more detailed numerical results.  
For the two axisymmetric-configuration cases (β = π/2) in this study, the jetting behavior of the 
coalesced bubble is mainly affected by the free surface, only a downward jet is observed. For the γbf = 
0.74 case, a very strong interaction between the coalesced bubble and the free surface is observed, and 
the tip of the thin liquid jet is flattened and quite unstable at the rim, which is companied with the 
splashing and splitting of tiny droplets. Following the jet penetrating, a protrusion forms at the bottom 
of the bubble and subsequently the splitting is observed at the intersection between the protrusion and 
the main bubble.  
For two bubbles arranged in a horizontal line, the dynamic process of bubble coalescence exhibits 
distinct different features due to the effect of free surface. If the effect of the free surface is relatively 
weak (i.e., γbf = 1.51), three jets are generated during the bubble collapse phase, two of which originate 
on the upper left and upper right surfaces of the coalesced bubble. Afterwards, a downward jet with a 
flattened tip originates on the top of the coalesced bubble. The three jets squeeze each other and may 
collide inside the coalesced bubble. If the effect of the free surface is relatively strong (i.e., γbf = 0.85), 
the downward jet is more squeezed by the two oblique jets; thus a sheet-like liquid jet is gradually 
formed with a large width in side view. There are two contact points at the jet impact moment. 
For two bubbles arranged in an oblique configuration beneath a free surface, the downward jet 
and the secondary jet squeezes each other during the collapse phase. A distinct shape of the bubble jet 
at the impact moment is observed with several corners. An oblique spike is also observed in the 
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experiment and captured by the present numerical simulation. 
The effects of the distance parameter γbf and the angle parameter β are investigated. As γbf 
decreases, both the maximum volume of the coalesced bubble Vmax and the bubble period decrease, 
and the upward jet tends to disappear if the bubble is subject to buoyancy. If the bubble-free-surface 
interaction is relatively weak (i.e., γbf = 1.5), the maximum volume of the coalesced bubble Vmax 
decreases with β. However, if the bubble-free-surface interaction is relatively strong (i.e., γbf = 0.85), 
a more complex trend is observed, namely, Vmax increases first and then decreases with β, the bubble 
period increases rapidly at first with β and approaches to a constant for β ≥ π/4. As γbf increases, the 
effect of β on bubble period decreases. For γbf = 1.5, the change in dependence of the bubble period on 
β is less than 0.65%. The increase of β weakens the free surface motion. 
Compared with single bubble situations, the collapsing coalesced bubble beneath a free surface 
possesses a much higher kinetic energy, which is associated with the energetic jet. It is reckoned that 
a relatively weaker shock wave would be emitted by the coalesced bubble and thus less energy would 
be radiated outward. 
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